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4-1 Boson Coherent States

lecture 5.pdf (usp.br)

tutorial2.pdf (weizmann.ac.il)

A. BOSON COHERENT STAETS

(1) The eigenstates of the (non-Hermitian) Fock space operators @;

ai|p) = bild)

where

af
[0)=] [erel 10 = 2% )

1
is called the boson coherent state.

PROOF:
at r _ N
o) = a2 10y = & [T 10 =] Tlawe?] 10y
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n=
= ¢i€¢ld‘T

By taking the Hermitian conjugate of the coherent state, we deduce
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(pla] = (p|¢:

(2) The inner product of two Boson coherent states is given by

(@'|6) = oI | [tk ] [eal 10y =] [coletkaretat o)
k l k,l

The Baker-Campbell-Hausdorff formula for the product of the
exponentials of two operators A and B is,

~ A N ~ 1 ~~
e4+B = ghgBe2lABl
T1 Ix A U | Y FN N
<¢’ |¢) = (0|e¢k ak+¢lazre§'[¢k ak,¢>la” 10)
ki

—T1 1,/ Ix A A
_ e§¢k ¢l5kl(0|e¢k ak+¢>la;r 0)
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r 1,7«
= | [ez?% ¢ (0|o)
Ak.. A s
1 I%
_ ei'zk Pr Pk
= The set of Boson coherent states is non-orthogonal.
OS:

As a consequence of their nonorthogonality, any Boson coherent

=1

state can be expanded in terms of all the other Boson coherent
states. So the Boson coherent states are not linearly independent.

(3) The resolution of identity for the Boson coherent states reads,
dpide; - |oil° L 2
[T] 25040 = 2008 1gg] = [ agrage-to” o] =
i

Thus, the set of Boson coherent states is "overcomplete".
PROOF:
The measure is:

dg;de; 1 5
—— = J1dR(¢:)d3(¢:)
1
= (20)dR(¢:)d3(¢:)
= dR(¢:)d3(¢:)
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Let ¢ in polar form be ¢ = re’?
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B. FUNCTIONAL INTEGRAL REPRESENTATION OF THE
PARTITION FUNCTION
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(1) The partition function
Z = Tre BH-uN) = Z <n|e‘ﬁ(ﬁ‘”’v)|n>
n
where |n) = |n1,n2, ---,nN) = CIC; C;\F,IO) are bases in the Fock space.
Insert the resolution of identity in terms of Boson coherent states,

z =l [ ey P )l e PO D)

1
_ f dpdyp e Y (nfp)ple FE-+Din)
where [Y) = [y, ..., Yy)

Here,
(n|¢) = <0|6N "‘5261|1/J) =Yy "'1/121/11(0|1/)>
Let e PE-#Dln) =" ay¢) Z apefe] - chlo),
£
Thus, we obtain

WleBE1D ) = (y] ) arle)
£

= awlee] - eflo),

£

= Z a{ﬂ/;ﬂ/;z l/;N<l/)|O){;
Since !

(¥]o), <<0|]_[(1 l¢)>|0>e—<0|0>e—1
(1-wiel) |0>> = (0]0) = 1

:2

i=1

(Of) = <0I<

we obtain

WlePEDny = 3" a, (plefe] -+ ef10) = ) oty = Py
£ {
(n|1/)) = <0|6N "'5251|1/)) =Yy PPy

Thus, we obtain
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(n|w)ple PE-1N)|n) = z aPy - W Wiy - Wy

£

= Z at’l/)ﬂ/_’ﬂ/)zl/_’z lel/jN

£

= z a{’(—l/jﬂ/h)(—l/;zl/)z) (_llel/)N)

f

= z a{’(—l/;ﬂ(—l/jz) Py
f

= (=ple PEHD ) (nyp)

The partition function in terms of coherent states:

Z= jdz/jdw,b e-WZ (—p|ePE=ED) ny(n| )

— [ @y e P (=yle B I  fnul )

=1
- f dipdip eV (—ple B A1)y
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4-2 $*-Field Theory
GENERATING FUNCTIONAL

Lagrangian density of a ¢* theory
_1 2 1 5, 0 A .
L[(l)] —E(V(]’)) +Em 10) +Z-_'¢

The action is

S[¢] = So[¢] + Siui#]

where
Sol] = dix G (Ve)” + %mquZ) = %dex (Vo - Vop + m2p?)
1nt[¢] __Jde ¢4

The N-point function can be written as a functional integral as

x1) - P(xp e ~Sol®]-Sint[¢]
G(n)(xl’..-,xn) = (p(x1) - P(xn)) = fD[¢]¢( ) b (xn)

ID[¢] e—SolP1-Sini[¢]
The generating functional is
71 = f D[] e~ Sol#1-Suld1+] dPx/CIe()

where J(x) is an auxiliary external field called a source.
Thus, the N-point function is obtained from the functional derivatives,

G(”)(xl."',xn) (qb(xl) ¢(xn)> ZB 5](x16)n2[c]$}(xn)

The generating functional for the free scalar field
1
Solo] = Efdf’x (Vo - Vo + m?2¢?)
1
= Edix d(x)(=V% + m?)p(x)

1 -
- EdexldeZ ¢(x1)GO(x1,x2) 1¢(x2)

where

Go(x1,%2) = (1] gy |x2) = (p(x1)9(x2)),
OS:
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The partial integration of the gradient term gives the surface
term vanishes if the ¢-field satisfies periodic boundary conditions.

Zo[/] = f D[] e~Sol#1+] 4xICIOC)
— JD[(;b] e‘%‘fde1de2[¢(x1)Go(xl,xz)_l¢(xz)—](x1)Go(x1—xz)](xz)]

1 _[deldezl(XﬂGo(M X2)](x2)

p—— 2
\/aet Gy

The full generating functional in terms of the free field generating

functional

e 1nt[¢] =e 4|dex¢4

NGO
= - Z._l dexl"'den¢4(x1)"'¢4(xn)
n=0
Hence, upon an expansion in powers of A, the generating functional is
7] = f D[] e~ Sol#1-Smil@1+] dPxj D)

n!

(_22 <4> R A e B N e e

n:O

(Rl by .ap, O &
- n! <4'> J @"xd xna](xl)“ 6](xn)4ZOU]

n=0

A .p &
— d -
RSO

_ o~Sul3] Z[J]

PERTURBATIVE EXPANSION FOR THE TWO-POINT
FUNCTION

Let the two-point function G m(xl - xz) as a series in the coupling
constant A,

@ NEARe
G (x1 - xZ) = Z ?l_' GTL (x1 - xZ)

Using the generating functional Z[J], we can write
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o _ 1 o’z | a
G (x; = xz) ZU1 6] (x1)8) (x2)]_, “

= oSl
where Z[J] = e SIZo (1.
Hence, the two-point function can be expressed as a ratio of two series
expansions in powers of the coupling constant. Since both the

. 1
numerator and the denominator have the same constant m that

will be cancelled, we can ignore the constant —— in the further
\/aet GO

calculations.

(2) The denominator of Eq.(a) is given by the expansion of Z[0] in powers
of A,

A &t
2| =e 0" g0
J=0 J=0
X PP
Ll 4![ & %w@f w@fomLo
°°<_22(> Py oy
T; nl \41 J i ynaj(y1)4 81 ()"
x STn?__ <§> UdDzldDzzj(zl)Go(Zl - 22)1(22)]

m=0
The numerator of Eq.(a) is given by an expansion in powers of the

coupling constant A,
5%z []]__ B
8] (1) 8] (x2) P

52 8 &
x | dPvy, - dP X Z
f iy 8 (x1)8] (x2) 67 (y1)"  61(3)" o)

G P S
- n! \4! Y yn5](x1)5](x2)5](}’1)4 6](3’71)4

n=0

% WZ £_1£n< ) [dizldDzzj(zl)Go(zl - 22)](22)]

J=0
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Zeroth order in A
The denominator of Eq.(a) is simply equal to one

Z[0] =Zy[0]+0Q)=1+0)
where we dropped the contribution of the determinant in Z,[0] since it
does not contribute to the expectation values of the local observables.
The numerator of Eq.(a) reduces to

%201 | __8Z4UI
6](x1)6](x2) =0 5](x1)6](x2) J=o

Hence, we find that to zeroth order the two-point function is simply

+0() = Go(x1 —x2) + 0(A)

given by
G P (xy — x5) = Go(x1 — x3) + 0(A)

First order in 4
The denominator of Eq.(a) is given by

z[0] =1 +—_171<%>de 6]‘(3 )42'< dezldDzzj(zl)Go(zl zz)j(z2)>

-1/2 1r.p D, . )
Since Z,[J] = (det(—vz +m2)) erd y1 [ dPy2](y1)Go(y1-¥2)1(¥2)

is a bilinear functional of J(x), only an even number of
derivatives in J(x) can be cancelled to a given order. This means
that we need to expand the exponential in Z,[J] to second order.

The derivatives yield a set of delta-functions

U0 0] = 2 Jo0m )

where P runs over the 4! permutations of the arguments y;, y,, y3 and

Vs
We can now write the first order correction to Z[0], in the form

I VAR WA
20 -1+ 7 ()7 (3)

4
XJ‘dDydizl"'dDZAI, 60(21_22)60(23_24)21_[5 ij )
=1

+0(2?) :
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The contribution can be represented by a diagram
Y

OO

Count the number of times this picture obtained by contracting all the
lines in a pairwise fashion without changing the topology of the graph.
Thus, we obtain,

—1/2
Z[0] =1+ — <E>Sdey Go(y,7)Go (v, ¥) + 0(2?)

A 2
=1 —édey (Go(y,y)) +0(2?)
where S = 3 is the multiplicity factor of this diagram. Physically, the
first order contribution represents corrections to the ground state

energy due to vacuum fluctuations.
The numerator of Eq.(a) is given by

_ oz
6](x1)5](x2) J=o

(=D 52 54
S <‘_ﬁ> dey6](x1)6](xz) 6]()1)4'20 U]|1=0

= 1!1) (ZT> f 4%y 61(9635/ (x2) 57 (zy y

1

X 3'( deZ1dDZz](Z1)Go(Zl - ZZ)](ZZ)>3

J=0
The only non-vanishing terms resulting from this process are
represented by the Feynman diagrams as

OO Q

The first contribution is the product of the bare propagator G, (xl
xz) between the external points and the first order correction of the
vacuum diagrams:

6ol — x2) X [_g [y (6t y))z]

The second term, the "tadpole" diagram, is given by the expression
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A
()5 [y 6utas = 3)60 a3 = )
where the multiplicity factor is § = 4 X 3. It counts 12 ways of
contracting the external points to the internal vertex.
By collecting terms, we get the result as

OO O

. -

G{‘.!‘.t —

RNee
To first order in A, the expansion of the two-point function can also be
written in the form as

(1+QO+om) ( i O +O(N?))

@ —

(|+o:)+()[_)€’))

Thus, to first order in A, the two-point function is given by

(—Jv('.?lz + O + ...

A
6D, 72) = Gl 72) — 5 f 4Py Go(x1 — ¥)Go (3, %)Go(y — x2) + 0(32)
OS:

The cancellation of the vacuum diagrams is a general feature of
perturbation theory for all the N-point functions and known as
the linked-cluster theorem.

(5) In momentum space:

de ip-(e1—x) ~(2)
o1 = 72) = [ Gras e CIGE )

Since
fd Xy (D)(xl — xZ)( VZ + mZ)J‘(_Z_)E iﬁ.(xl_xz)Géz)(p)
f G (7 +m e 060 (p)
= 5(D)(x1 _ xz)
and
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dD
(ZTT)_Delp (x1=%x2) — 5(D)(x1 - x3)
1
(2)
=Gy (p) = 0?2 +m?
The first order contribution to the two-point function is the tadpole
diagram
q

p r

A( dPqg 1 1\
2 ) 2m)P q%? + m? \p? + m?

The two-point function in momentum space

6®(p) = 6o(p) -5 [ (—;lz—;’[-, 6o(a) (Go(®))’ +0(2)

1 AfdPq 1 1)’ ,
- p2+m? 2J (2m)P q? + m? (pz + mz) +0(#)
Let the self-energy function Z(p) be
dPq 1
2(p) = J oz T OW)
= 6®(p) = Go(p) + Go(p)Z(p)Go(p) + -
= 6@ (p) = Go(p) + Go(P)Z(r)6® (p)
S 60y = el
1-Go(P)2(p)  Golp) ™ - 2(p)
To order one-loop (i.e., first order in 1 or 0(4)),

H
2

dPq 1
0)= -3 o

This expression is UV divergent for all dimensions D > 2, i.e., the

contribution in the ultraviolet, g = oo, (or short wavelengths, high
energies) is divergent.

C. PERTURBATIVE EXPANSION FOR THE FOUR-POINT
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The four-point function is also known as the "two-particle" correlation
function.

G™ (31, %2, Xx3,%4)
= (p(x1)p(x2) b (x3) b (x4))
=GP (x; —x3)G P (o, — x4) + 6P (3, — )P (x5 — x4)
+ 6P (x; = 24)6P(x; — x3)

- deJﬁ dDJ’4 G(z)(x1 - }’1)6(2)(352 - YZ)G(Z)(X3 - }’3)

X G(Z)(x4 - }’4)F(4) (3’1:3’2:3’3»3’4)
where the factors of G (2)(x1 - xz) represent the exact two-point

function, and ['® (yl,yz, Vs, y4) is known as the four-point vertex
function. The vertex function is defined as the set of 1PI diagrams.

Zeroth order in A
G (21, %2, X3, %4)
= Go(x1 - x3)GO(x2 - x4) + Go(x1 - xZ)GO(x3 - x4)
+ Go(x1 - x4)GO(x2 - x3)

+0)
1 2 1 2

+ + \ \
3 4 3 4 3 4
The four-point function reduces to just products of bare two-point
functions.

In momentum space, the vertex function I'® has the form
4

F(4)(P1'P2'P3'P4) = (2m)P &P Zpi I:(4)(P1:P2:P3:P4)
i=1
The lowest order contribution to I'™® appears at order A

r(4)(P1'p2'P3;p4) =1+ 0(/12)
depicted by the tree level diagrams.
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To one-loop order, O(AZ), the four-point vertex function is
P1 q P2

~ V'
~ Ve
Y rd
~ s
4 N\
4 AN
4 N
// N
P3 P1t+p2—q P4

The total contribution to the vertex function T™, to order one-loop, is

_ A? dPq 1
F(4)(P1:P2:P3'P4) =A- —2‘ [J. (2m)P 2
”(ﬁ+mﬂ«m+m—®-Hﬂ)

+ two permutations] +0(23)

At the zero external momentum, i.e.,
_ A2 dP 1
[9(0,0,0,0) =1-3% | ——= _+0(2%)
2 ) 2m) (qz + mz)

This expression is UV divergent for D > 4.
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4-3 Regularization
A. DIVERGENCE OF LOOP DIAGRAMS

(1) The Feynman diagrams of the self-energy function Z(p), up to two-
loop, are

132 PRY:

4 6

The Feynman diagrams of the vertex function T™®, up to two-loop, are

(-2 :
—(=A x - + 2 permutations
(_A)a @ ’ |
- + 5 permutations

(-3 :
-2 m + 2 permutations

+ 2 permutations

(2) The loop diagrams are UV divergent by dimension analysis, for
examples,

j d*q 1
— > o
(2m)* g% + m?

X
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d*q 1
J @) 2 )
(2 +m?) (0 —a)’ +m?)
where the external momentum p is the sum of the incoming momenta:

P =p1+DP2, P=p1+D3 and p =p; +py.

(3) To tame the UV divergence and render them finite, we need a
regularization.
OS:
Regularization is a method to make the divergent integrals
mathematically well-defined. This is done by introducing a cutoff
or performing calculations in a d # 4 dimension where the

integrals become finite.
B. UV MOMENTUM CUTOFF A

(1) One-loop and two-loop diagrams of Z(p)
1. One-loop diagram (tadpole diagram):

Q

A d*q 1
o 2m)*q? +m? -
Use the formula:

de —f p-1g fdn _ 2 oy

E;(m)

OS:
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_ %r(?) f A0y
_2(yn)’ _ 2mPl?
- f o1 =072 = T0/2)

B ( )_qu4_1dqd93 11 J‘A 2m*/?2 g% ldq
W= ) T ent @+m? . @ot), Ta/2) 2 + m2
Since I'(2) = 1 and 2qdq = dq?

1 A? q2
E =—— dqg? ——
1(m) 16112[0 1 q? + m?
m2 Az/mzd u
" Ten? ), YUl
mZ A?%/m? 1
= du(1—-———
16m? J, u( u+ 1>
mz AZ/mZ
= u—In(u+ 1)]
167T2 [ 0
m? [A? A?
T 16m2|m?2 m?

The integral is divergent for A — 00. The first term behaves like
A? is called quadratically divergent and the second term behaves
like In A is called logarithmically divergent.

. Two-loop diagram:

ViEE 18 B



A d*q, d*q, 1 1
o 2m)*(2n)* q? + m2\q? + m?
Eq E;

2
) = E;(m)E;(m)

where
A d4q1 1 3 m2 AZ AZ
o @m*qZ +m?  16m2|m? Non2
A g4
d*q, 1
E,(m) =f
z o (2m)* (q2+m2)2
1 J 2m*/? 1y 1
@0t ), T (% +m2)’
1 A?%/m?

Ei(m) =

u

=— du
16m? J, (u+ 1)

1 Az/mzd u+1 1
~ 162 ), e+ D2 s 12

—11(+1+1A2/mz
= Tonz M+ D ut1,
1 _1 2+ 1
16m2 | "mZ T AZ/m?2 + 1
_ b [ A2
Tern?| "m2 N2+ m?

The integral is a logeirlthmlcally divergence for A — oo.
Alternative mgthod

Ey(m) = j o +m2)
_ 90E (m)
T om?
1 N? y

- In— -
162 "m2 1612
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where y is the Euler constant

= —f dte tInt = 0.5772 ...
0
(2) One-loop diagram of T™:
1

J (27T) (q2+m2)<(p q)’ +m2)

Using Feynman's parametrization:

=1 (p, m)

1 1 /1 1 1 dx fld
AB"B-a\A4 B) B-al, " ), ¥ Tax+ B -0
we obtain

1 A d4 1
Il(p,m) :f dxf a
0

o OOt b mt)a =+ (= 0 )]

f p fA a* 1

= | dx

o Jo @m)* [q2 — 2pgx + p2x + mz]z
Let Q = g — xp and M? —x(l—x)p2 + m?

A d4
hipm) = f d"f @ Q2+M2]

QZ
dx —— a__ <
f x16 z), i@
1 d . A2 A2
“1enz) "M T Az + M2

A2
dx
~ Ton 2] (1—x)pz+m2
Use the formula,
1 4 — V1+a+1
f dxln(l +—-x(1—x)>=—2+ﬁ+aln——:_ ,
0 a Vi+a-1

a>0

The results is then
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m? + x(1 — x)p?
Il(p,m) ———-f dxIn 2

1t m? 4p?
:—1—6;2' . dx ll’lxz-+ln 1+ZEZ—X(1—X)

1 A? _Ir; 1+ 4m?2/p?2 +1
= —2+\/;+ n\/_ /p

—— ln_z__
m J1+4m2/p? —1

1 [ a2
=1—6F2 ln;n—z—L(p,m)

4m2 1+ 4m2/p? +1
Lipm)=-2+ |1+ —FIn"—0m—more p>0
p 1+4m?/p2—1

(3) The UV momentum cutoff can also be done with the help of a Gauss

integral, such as e~ 4%/ ¢ suppress the contributions at large
momenta g »> A of the integral.
1. One-loop diagram (tadpole diagram):

Using Feynman—Schwinger parametrization,

V- 1
v F()f da o> e ™,

we can write

e 21 5



D %) 2
Ei(m) = f((zi—)q])f da e_“(qz””z)e_%

f da e-am f_d_q_e—(j\l—z-ﬂz)qz

(2m)P

D/2
= f da e~ *m* ! i
0 2m)P\1/A%? + a

(4m)P/2 ), m?/A% + am?
2
Let t = F + am?
ND/2 o
El(m) — (m ) j dt —t+TrL2/A2 -D/2
(4”)D/2 Z/AZ mz

2\D/2-1 o

_ (m ) emz/AZJ dt t-D/2e-t
(47T)D/2 m2 /A2

Define the incomplete gamma function

I'(v,z) =f dttV-le t
zZ
Thus, we obtain

(m2)0/2—1 m? D m?
— 2
) = et (1-3 )

ForD=4andA—>00

(m 2)2 "122 4 m? m?
Eum) =Gz ¢ T\~ 272 ) ~ Tom? [n2

A? N?
- ll’lm'l')/

C. DIMENSIONAL REGULARIZATION

OS:

The most common regularization method in the context of
perturbation theory is dimensional regularization. Here the idea is
to first calculate the integral in D dimensions and take the limit
D - 4 in the end.
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(1) One-loop and two-loop diagrams of Z(p)
1. One-loop diagram (tadpole diagram):

Q

EoP gt rme - 1

Let g% = tm? and 2qdq = m?dt

ZTL'D/Z oo D . 1
E ______ - —_
W =Gorrom ), T YEm
27'1'1')/2 J‘ (t 2)(D—1)/2 m2dt 1
(Zn)DF(D/Z) 2mtl/2 tm? + m2
__2_"12___( Z)D/Z_ljmtD/z_ldtL
2(2m)PT(D/2) . t+1
Using the Beta function
I'(a)'(b)
B(a,b) = ——— a1
@b =1t h f N N
we obtain
2mP/2 p/2-1T(D/2)I'(1 —D/2)
Fy(m) = o (m?)
2(2m)PT(D/2) ra)
( )D/Z 1F ) D
(4m)P/2 2

2. Two-loop diagram:

dPq, d°q, 1 1 2
f QP @m)P 2 + m2\gZ + m2) E1(m)E; (m)

E; E>

where
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dPq, 1
D 2
(2m) (q% + mz)
2mP/2 1
= DTN dq; ——— 3
(2m)Pr(D/2) (g2 +m?)
Let g2 = tm? and 2q,dq, = m?dt

E;(m) =

2mP/? e (D-1)/2 m2dt 1
E = tm?
20m) 0 (em?) 2mt1/2 (tm? + m2)?
p/z—2 ([ /0 1
= s ™) | ey
0
2mP/? p/2-2T(D/2)['(2 —D/2)

= 22m)PT(D/2) (m?) r(2)
(mt)>*1(2~2)

(4m)P/2 - T(2)

(m2)0/2—2 D
= e | (2 - 5-)

3. Two-loop diagram (sunset diagram):

@

dPq, d°q, 1 1 1
(2m)P (2m)P g2 + m? g2 + m? (p—q: - qz)z + m?2

Iy

= E3(p, m)

where
Es(p,m) = f T me Li(p — q1,m)

I ( ) f quZ 1
1\P—q,m (27T)D + mZ (p q, — q2) + m2

Using Feynman's parametric integral formula:

VUEE 24 H



1 1
- fo dx [Ax + B(1 — x)]?

we obtain
I(p— ql.m)
1
f f (2”) [( +m2)(1—x) + ((p 41— QZ) + mz) ]2

f i f dDQz 1
@M% [g2 = 2(p - a)aox + (0 - 01) x+m2]

1 F<2 —32 1
dx
4m)P/2  T(2 f 2 2-D/2
- Gm 2 (0 — a1 — 42)"x(1 = ) + m?
_ 1 D\ (1! 1
_ZAE'[)_D/_ZF 2—5 . dx 5 2-D/2

[(P —q1— QZ) x(1—-x)+ m2]
The calculation is rather difficult, because a naive introduction of
the parameter integrals results in divergences of the parameter
integral. The problem is solved by lowering the degree of
divergence via partial integration.

(2) One-loop and two-loop diagrams of @ (p)
1. One-loop diagram:

O( 1

f(Zﬂ) (¢% +m?) ((p q)’ _|_m2)
where the external momentum p is the sum of the incoming

momenta: p = p; + p,.
Using Feynman's parametric integral formula:

= Il(p, m)
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1 1
- fo dx [Ax + B(1 — x)]?
we obtain
1

L(p.m) = f (2n>D(qz+m2)((p 0 +m)

f d"f (2m)P :

> +m?)(1—x)+ ((p - q)z + mz) x]z
d 1
—[ xf(ZE) [q2 — 2pgx +p x+m2]

__ 1 F<2_7>f01d 1

T (4mP2 T(2) [p2x(1 — x) + m2]* ™"/

1 r <2 D) fld 1
- - x
(4m)P/2 2) )y [p2x(1 —x) + m2]2—1)/2
NOTE:
1

1,(0,m) = f
1(0m) (2m)P (g2 + m?)(q? + m?)
2. Two-loop diagram:

<

= E,(m)
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f dq, 1
D
@M (g2 +m?) ((m +pr—q1) + mz)
dPq, 1

D
@) (43 +m?) ((p3 +q1—q) + mz)
Iy
dPq, 1
= J. ) X I1(P3 + ql,m)

@M (g2 +m?) ((m +p,—aq1) + mz)
where
L(ps + g1, m)

=__1__r<z_9>f1dx !
(amy> /% 2/ % [(P3 + Q1)2x(1 —x)+ mZ]Z_D/Z

3. Two-loop diagram:

X X X

dPq, 1
D
2m)° (q2 +m?) ((p —q.)’ + mz)
dPq, 1

2 (g2 +m2) ((p — )" +m?

= Il(p, m) X Il(p,m)
)

where

I( )———1——F<2—2>f1d !
i\pm) = (41)P/2 2/, X [pr(l o+ mZ]Z—D/Z

Here, p denotes either of the three different momentum
combinations P1 + P2, P1 + P3, and P1 + Pa.
4. Two-loop diagram:

d’q, dPq, 1 1 1
(2m)P (2m)P g? + m? (qg + mz)z (p _ q2)2 + m?2

1 12

= E;(m)I, (p, m)
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where
dPq, 1
Lom) = [ Gty
(2m)P (g2 + mz) (p— qz) +m2
Using Feynman's parametric integral formula,
1 T(a+b) (! (1 —x)a 1xb-1
ABP ~ T(@I(b) J, “* TAx + B(1 — x)]%*D

we obtain

_ dDClz
2(p.m) = f@—ra)—] f @n >D

[(q2 +m2)(1—x) + ((p — qz)2 + mz)x]3

SEOM UNELE 1-x
r@ra @0 42— 2pgyx + pix + m]"

D
RE) 1 F(3—7)f1d 1—x
T @mP2 TR Jo ™ [p2zx1 - x) + m?

1 r <3 D) fld 1—x
- —= x
(4m)P/? 2)Jo [p2x(1 —x) + m2]3_D/2

D. e-EXPANSION OF THE GAMMA FUNCTION

]3—D/2

(1) The e-expansion of the Gamma function:
For any integer n:

I'(—n+e¢€)
_=Dr1 € (m? ,
=—|z+v@m+1) +§<—3—+¢(n+ D2—y'(n+ 1)) +0(€?)
where ¥ is the digamma function,
_r'm
Y(n) —FEJ
PR ORI
V) =Ty T <F(n)>

OS:
Appendix 8D Expansion of Gamma Function, P126-P128.
Kleinert, Hagen & Schulte-Frohlinde, Verena, Critical
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Properties of ¢*-Theories

(2) One-loop and two-loop diagrams of Z(p) in D = 4 — € dimension:
Introduce a dimensionless coupling constant g = Au?~* = Au~¢, where
W is an arbitrary mass paramter.
1. One-loop diagram (tadpole diagram):

g 1 ( Z)D/er R Y
| G “amprr \1T) AR
where
HT 0 G-o
—AE;(m) = —ug (—m—)—4-—e‘r<1 76 )
2

(4m)?
2 4 2 -1 1 2
= —(—4n—‘)gi 1+ gln—gg- + O(Ez)lg—l!)— [E +9(2) + O(e)]
2 2 4 2
~ {Z—n‘)g—z Z+$(2) +1n —Zgl

The residue of the pole is proportional to m? and independent of
u?. The Feynman integral is UV-divergent in four dimension,
which is reflected by poles in the Gamma function at D = 4.

2. Two-loop diagram:

/12

d’q, dPq, 1 1 2 )
2 f (2m)P (2m)P g3 +m? <Q§ + m2> = (R X (=D Em)

Eq E;

where
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m
—2Ey(m) = 55|

2 . A’
-+¥(2) + n—s

2 D/2-2
CAEy(m) = —A Qinl—— r (2 - 2)

1+—1 —i-+0( 2)] ————— +¢(1)+0(e)]

2 Dl A
(4m)? 6+¢( ) +1n m2

The Feynman integral is

g

m2g |2 Amp?
APE;(m)E,(m) = Gn )2[ ¢(2)+1n—m7'

47'[;12
( 1)(4—)2 —+l,l)(1)+11’1
__migt4  yD Y@ 4 A’
S Tantett e tehe

. Two-loop diagram (sunset diagram):

<

A2 d’q, dq, 1 1 !
(mP 2m)P gt + m? g3 +m* (p — g, — q,)" +m?

I

= A%E, (p, m)

where
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AE;(p,m) = A2
3P (2m)P CI1

mZgZ
Gy

m?g? [6

18
26

6+63
€2 €\2

_______ I1(P ‘h:m)

47.['“2 pZ
1) +1
+ (1) +In 3 >+2m26
6y (1) 6l Amp? N p?
m?  2mZe

(3) One-loop and two-loop diagrams of T ) (p) in D = 4 — € dimension:

1. One-loop diagram:

AZO
1

f(Zﬂ) (q2+m2)<(p q)’

+m

= 221, (p,m)
)

where the external momentum p is the sum of the incoming

momenta: p = p; + p,.
Thus, we obtain

2L (p,m) = 22

1€ g?

Hg

L —
(4m) 2z 7 0 2

1 r <2 D) 1d 1
— —— x
(4m)b/2 2/), 2-2

[p2x(1 — x) + m?]

4—€

[p x(1—-x)+ mz]z__2

(47r)2
g (=1)°2

" (4m)?

1 2 €/2
r ( ) Jo dx (pr(14fl;) + m2>

+ Y1) + 0(6)]

1
z+z/)(1)+f dxln(

e (! 4mu®
1+-1] dxl 0(€?
X +2J0 xn(pzx(l—x)+m2>+ (e )]

Amru?
p?x(1 — x) + m?

The divergence for D = 4 is contained in the Gamma function

which possesses poles at D = 4. The remaining parameter integral

is finite for any D as long as m? # 0.
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Use the formula,

1 4 — VJ1+a+1
jdxln 1+4-x(1—-x))|=-2+VI+aln—— , a>0
0 a Vi+a-1
The result is then
1 47.[’“2
dx1
_[0 X <p2x(1 —-x)+ m2>
1 p2x(1 —x) + m?
= —j dxIn >
0 4t
471.#2 1 4p2
=]n—772——f0 dxln<1 +ZEZ—X(1—X)
4m? J1+4m2/p? +1
-2+ [1+—"In = , p>0
LetL(p,m)= p \/1"'4"1 /p*—1
0, p=0

Thus, we obtain
’uegZ 2 477:“2
/12]1(p, m) = (—47_[—)2 E + lp(l) +In _1717 — L(p, m)

. Two-loop diagram:

23
3 d?q, dPq, 1 1 1
(2m)P (2m)P g7 + m? (2 +m2)’ (p—qp)° +m?
Eq T
= (=E1(m) x %1, (p, m)
where
2E,m) = 12 L p@) +1n L—Lﬂq
(4m)? |e m2

We have
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221y(p,m) = 22— r<3 D)fldx 1-x
2\t - A SND/2 -5 —
(4”)D/2 2) )y [pzx(l —x) + m2]3 br2

“amet(1+3) ¢ [px(1 - e T
= %Tg)—z [1 + g In4mu? + 0(62)] A (E)
% f dx pzx(ll—_x))c F m?
(4 = [1 + —ln47ru + 0(62)] x £ x +¢(1) + 0(6)]

xfld 1-x
o xpzx(l—x)+m2

_ Ky f do 1-—x
(4m)? J, " p?x(1 —x) + m?
The Feynman integral is
—AE;(m)(p,m)

z +y¥(2) +1In L—L—'u—

Xug f d 1-x
(41)2 xpzx(l —x) + m?

‘ueg3 Zfl mZ(l_x)
(4m)*e ), xpzx(l —x) +m?
. Two-loop diagram:

dPq, 1
@m)” (g2 + m?2) ((p —q)’ + mz)

9 f dPq, 1
G (g3 +m?) (0~ 42)" +m2)

1
= —lell(p, m) x A21;(p,m)

where

e g? 1 Amp?
Azll(P'm) ———[—+1/)(1)+f dxln(pzx(l—x)+m2>]

The Feynman integral is
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2L(p, m)2

1 [ug 4mrp® :
= _;t?q <(4n)2 - +yY(1) + f dx 1n< T —x) & m2>])

3 1 ﬂ26g4 4 (1) L2 Jld | 41.[.#2
T ufg (47'[)2 (:‘2 1/) X p?x(1 —x) + m?

__ Ky l4 4 (1)+4f1d1 4mp”
T (4m)*|e? Elp €Jo xm p?x(1—x) + m?
2

4 4 41 4
S +-v) +E(ln—:§-—b(p,m)) ,

€2

p>0

4. Two-loop diagram:

3

Let the external momentum p be the sum of the incoming
momenta: p = pq + p,.

_A3f d°q 1
(2m)P (@2 +m?) ((p _ q1)2 N mz)

J‘ dPq, 1
@17 (42 + m?2) ((p3 +q1—q) + mz)

Iy

dPq 1
=2 G ? *fa(pa +am)
(a3 +m?) (0 - 01)" +m?)
ueg’ fl 4mp®
=2
()i €2 +- +61,b(1)+6 dxIn P22 (1 — x) + m?2
ueg’® L1 2@ 2 f el 4mp?
(4m)* 62 € € €Jo p?x(1—x) +m?
utgs 1 2y(1) 2 Amp?
=Z47T)—4 EE+6+_E__ In ____L(p;m) p>0

(4) After dimensional regularization in 4 — € dimensions, those Feynman
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integrals diverge in a specific way for € = 0. For an increasing number
of loops L, the Feynman integrals possess singularities of the type 1/€r.
Except for the lowest expansion coefficient in the four-point function,
and the lowest two coefficients in the two-point function, all higher
expansion coefficients are convergent for € — 0.
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M

2

4-4 Renormalization

PERTURBATIVE RENORMALIZATION

UV divergences:
For ¢*-theories, the two-point vertex function up to order two-loop is

gy - (— -pA el e

2 4 6
f(z)(p) =p?+m?— E(p)

5 , A A? A? 3
=p“+m +E‘E1(m) - ZEl(m)Ez(m) - €E3(p,m) + 0(/1 )
where E;(m), E,(m), and E5;(m) will diverge in ultraviolet. We can
absorb these divergences into few newly defined parameters. For
example, according to the regularization, the divergences of E;(m) and
E,(m) are independent of p2. The self-energy %(0) represents the
dynamical contribution to the mass.

Mass and coupling constant renormalization in the one-loop
approximation:
At the one-loop level, we define a renormalized mass m,,
A
mZ =m? + E‘El(m)

Inverting this equation gives m(ml):

A
m? = m ~ 2y (m)

Since
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A= | G e

dPq 1

= D
@M g2 4 m2 LBy (m)

A
=E(my) + > E,(my)E1(m) + 0(4?)

= Ey(my) + 5 By (my)Ey (my) + 0(22)
the two-loop term is created as m is replaced by my in E;(m). Thus,
we need to introduce a new coupling constant to cancel the additonal
two-loop terms.
Consider a four-point vertex function:

_ 12
re (P) =1- > (11 (p, m) +2 permutations)
where the notation "2 permutations” indicates that the function

I (p, m) contributes also with the permuted arguments p = p; + p,,
p =p1+p3and p =p; +p,.

Since
1
I
i(pm) = I(Zn)Dq S (p—q) +m?
2
d’q 1 1 LA sy
- m
@mP g% +mi (p - q) + m2 2g2+m?

=L (p,my) + ALy (p, my )E1 (m) + 0(1)
the divergence of I; (p, ml) is independent of p, i.e, the only divergence
occurs in I (O, ml). Thus, we define a renormalized coupling
constant A; with all external momenta set equal to zero,

372
Al = /1 - _Z_Il(o,ml)
Inverting this equation gives A(Al):
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322
A= Al + _2_11(0,m1)

2
3 372
= + §</11 +— 1,(0, m1)> 1,(0,my)

322 ;
= Al + _2_11(0,m1) + O(Al)
Now, %El (m) becomes,
A A A? )
551("1) = §E1(m1) + —Ez(m1)E1(m1) +0(2%)

;(M + 55—2 1(0,my) + 0(,13)> Ey(my)

v’ ~—
v’

2
1 312
+ 7 (/;l} + —2111(0, m) + 0(A§)> E,(my)E;(my) + 0(23)
v’

= /hEl(ml) + —/1— 11(0 ml)El(ml) + Ez(m1)E1(m1) + 0(/13)

M A 3
= 7E1(m1) + = By (my)Ey (my) + ZEz(ml)El(ml) +0(4)

A
- %El(ml) + AlEz(ml)El(ml) + O(Ai)
Thus, the bare mass can be expressed as
A A
m? =m? — E‘El(m) =m? — %El(ml) — L Ey(my)E;(my) — 0(43)

The two-point vertex function becomes

_ A
[@(p)=p?+m?+ EEl(m)
A
=p*+ [m% - _21 E1(m1) - /11E2(m1)E1(m1) - 0(’12)]

+ FlEl("h) + Ay Bz (my )Ex (my) + 0()@)]

=p?2+m+0(13)
The renormalized two-point vertex function is
=(2
7 (p) = p* +mi
We obtain a renormalization condition: T }52)(0) =m
Expressing the renormalized four-point function in terms of 1, we

2
1-
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obtain

_ 22
F}g4) (p) =A- > (1 1 (P, m) + 2 permutations)
312

2
1 377
- E(ll + _2_1 11(0, ml) + 0(/1?)) (Il(p! ml) +2 perms)

323 vk _
=h+ R I (0' m1) ) (11 (p, m1) +2 permutatlons)

/12
=1 — ?1 (11 (p, m1) + 2 permutations — 311(0, ml))

The subtracted expression is calculated for € — 0,
2

.u gi U
21 (pm) = o )12 2 F () +1n————L(p,m1)
1
uegi (2 mu?
where
T/ 41
L(pm)=-2+ |1+ n\/____/p_. p>0
J1+4m2/p? -1’
We obtain

AZ
?1 (Il (p, ml) + 2 permutations — I3 (O, ml))

T T 2(4m)? (Lls.ma) + L{tm) + L(wmi))

= finite
where s = p; + p,, t = p; + p3, and U = p; + p,.
The renormalized four-point vertex function is
_ A2
F,g4) (p) =1 - 71(11 (p, ml) + 2 permutations — 311(0, ml))

We obtain a renormalization condition: T }54)(0) =1

(3) Field renormalization in the two-loop approximation:

The renormalization condition: flgz)(O) = m? leads to
, 5 Y 2 /12
mi{ =m° + > E,(m) — y E,(m)E,(m) — - E;(0,m)
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Inverting this equation gives m(ml):
) , A A? A2
m= =mjy _E‘El(m) +—4—E1(m)E2(m) +_6_E3(0’ m)

A
vk VE 3
+5 B (my)Ez(my) + €E3(0, m) + 0(A3)
313 A 3
= m1 - —‘E1(m1) - —4—E1(m1)E2(m1) + 6 E3(0' ml) + O(Al)

f(z)(p) can now be written as:

_ o 3/1 /1
[®(p)=p?+m?- El(ml) - El(ml)EZ(ml) +— E3(0 m)

m

A
+ 71E1 (my) + 22E,(my)Ey (my)

one-loop
A M 5
vy E; (ml)Ez (ml) 3 E; (p, ml) + 0(/11)
two-loop two-loop

/12
= pz + m% — gl(E?’(p, ml) - E3(0, ml))

The subtracted expression is calculated for € — 0,

2 2 2
m?g?l6 18 6y(1) 6. 4mu p
22E5(p, =——Z|5+—+ +-1
1E3(p ) (4m)*|e?  2¢ € e m? +2m%e
: _migt[s 18 eu) 6 sme
AE;(0,my) = (4m)* | €2 e e l m?

ngz pz gZ pZ
25 (Ba(p ma) = Ea(0.m)) = 2255 e = " am €

Thus we can expand E; (p, ml) into the sum as,

d
E3(p.my) = E3(0,my) + p? ap? Es(p.my)

p=0
The subtracted expression in T'® (p) is
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“)

®)

:g@xnmd—Eﬂamﬂ)

/12

0
= © E3(0 ml) + p Ep_ E3(p, ml) - — E3(0, ml)
/12 0
P 35 E3(P' m1)
“ 6 op? =0
The two-point vertex function is
_ A2 0
F®(p) = p +m? — lez 557 E5(p,my) .
— /12 a E 2 2
= 1__6_6_2 3(p,m1) p° +mjy
p=0
Let
1 A2 0
~ =1- 5 ap 2E3(p,m1) -
We obtain

_ 1 1_
T (p) = (p* +2mf) =T (p)
where f(z) (p) is the renormalized two- point vertex function.

We obtain a renormalization condltlon — F(z)(O)

At the one-loop and two-loop levels, all divergences have been removed
by a redefinition of the mass, coupling constant and field associated
with the renormalization conditions:

2 (0) = m?
2
op? 20 =1
IY0) =2

Power counting;:
We can define the superficial degree of divergence of the diagram as,

D
8:D+n<1—5>+p(D—4)

where
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D is the dimension
n is the number of external lines
p is the number of vertices
In four dimension, D = 4, this simplifies to

4
6=4+n<1—z>+p(4—4)=4—n

For § = 0, the diagram is said to be divergent and Since only diagrams
with § = 0 need renormalization, the only diagrams needing it in ¢*-
theory are those with n < 4. It is implying that only two- and four-
point irreducible diagrams are divergent and left to renormalize.

B. RENORMALIZATION CONSTANTS

(1) One important feature to note about these integrals is that when we
differentiate them with respect to external momenta, the integral will
become more convergent.

For example, if we differentiate E; (p, m) with respect to p?, one finds
d d dPq 1
aﬁ El(P, m) ~ 0p2 (2m)P (p _ q)z 2
Let x = p%,p =+/x
d 0 dPq 1
Sz Bilpm) = 5 S
p ox) 2m)Px —2yxq+ g%+ m
q

_ f d’q Vx
(ZH)D (x — 2vxq + g% + m2)*
f o
(27T) \/} x —2\Jxq +q% + mz)
p—q

(27r) 2 2
p ((p —q) + mz)
For D = 4, the integral is logarithmically divergent.

For example, if we differentiate I; (p, m) with respect to p?, one finds
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2

a adD 1 1

1(p, m) = (2m)P g% + m? (p— q)z + m2
d ( dPq 1 1
" ox (2m)P q? + m? x — 24/xq + g% + m?
dPq 1 _:/q_;
(2m)P q? + m? (x — 2vxq + q% + mz)z
3 d’q 1 VX —q
- (2m)P g% + m? VX (x — 2xq + q% + mz)z
d’q 1 P—q

D ,2 2 2
2m)P g2 +m p((p B q)2 +m2)
For D = 4, the integral is finite. This means that the divergences will
reside only in the first few terms in a Taylor expansion in the external
momenta of the Feynman diagram.

We expanded the self-energy in external momentum p will have 2
divergent terms,

2(p) = Z(0) + p? E(p) +2.(p) = 2(0) + p?2'(0) + 2.(p)

where 2(0) is quadratically dlvergent and Z(p) x (p) is

logarithmically divergent.
The two-point vertex function is

T®(p) =p? + m? — £(0) — p?2'(0) — 2.(p)
= p?(1 - 2'(0)) + (m? — 2(0)) — Zc(p)

=p2(1—z’(0))+m2(1 —(—02> Z(p)

B ) m2(1—-2(0)/m?)\ (1-=2'(0)=.(p)
=(1-2) (pz Ty ) T 1-3(0)

Defining the renormalized mass and self-energy,

,  (1-32(0)/m?)

MR =1 730(0)

5(p) = )

1-3'(0)
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Then,
rO(p) = (1-5©) (p? +mk - 5(p)) = (1 - O (p)

where
2 (p) = p* + mi — X(p)
which satisfies the renormalization conditions:
% (0) = m3
aaz r?0) =1
IY0) =2

(3) The two-point vertex functions I'® (p) can be made finite via a
multiplicative renormalization employing three renormalization
constants, Z, Z,,, and Z,

1
“TT O
1 _ _
B gy — =Z
¢ 1-12'(0) vz
1
I = T30 /m?

so that the two-point vertex function is

_ 1 Z
@ (p) = > <p2 + Z—-m2 - ch(p)>
m

Let
Z
m? = 7"3m,23
Z;
A == ﬁAR

Thus, we have

[ (p) = 2 (% +m2 - 3(0)) = 21()
C. MINIMAL SUBTRACTION

(1) For ¢*-theories, given the Lagrangian,
1 2 1 22,4 4
L—E(V(l)) +Em ¢ +Z-_'¢

We define a renormalized field as
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¢ =VZ¢
The Lagrangian can be rewritten as,
1 2 1 7?2
L==27 —Zm?¢p? + — ¢p*
5 (Vo) +5Zm? G+ ¢
Defining
1. 2,1 272 AR T4
Lp = E(V(l)) + Equ') + 71-_'¢
where mp and Ay are physical mass and coupling.
The renormalized Lagrangian arises by splitting up the Lagrangian in

its renormalized part and the rest, the counter-terms which have
absorbed the infinite

L=Lg +%(z ~1)(v$)’ +%(Zm ~m})$? + o ! (222 - 2)$"

counter-terms
From the renormalization conditions,

Z
m? =Z77qm£
A
A _ﬁAR
we obtain
1 2 1( Z 1 _
Lg=L—5(Z~- 1)(Vo) -3 <Z—ZﬂmR mR>¢2 - <22 =y AR)¢4

counter-terms

1 2 1 1 .
=L@~ D(VF) ~ 3 (Zn — DMEF? — 2 (1~ D

We can then define the renormalization constants,

Z—1=c¢,
Im—1l=cp
ZA —-1= Cy
and obtain the renormalized Lagrangian as,
L

counter-terms

=%(\7¢)2+%m2¢2+ ¢4—-cz(V¢) cmqubZ

interaction
The counterterms c,, ¢,, , and ¢; produce additional vertices in the

Calr

n ¥

diagrammatic expansion. In momentum space, these terms have the
form
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2
—CpMg

= —q/g

P h b

In 1929, Heisenberg and Pauli wrote down a general formulation
for QFT and noted the problem of infinities in using perturbation
theory. After 1947 the problem was considered solved, if there are
a finite number of counter-terms needed to render perturbation
theory useful, QFTs are called renormalizable.

(2) Define a projection operator X which picks up pole terms only, for
example,

Q

—AE;(m) =

O Hg*

Azll(p' ) (4 )2

2

an? [ +9(2) + ln——-]

1 47.[’“2
+ Y1) + J dxIn (pzx(l 7 mz)

Apply K to a diagram and we obtain

. 2g 2 2
R(~AEy(m)) = —ZLZ =2z I_Z

(4m)2e (4m)?e
Egz 2 6 g 2
()Lz L(p, m)) G "I Ge

They are proportional to m? for the quadratically divergent diagram,
and to u€g for the logarithmically divergent diagram.

Note that the absence of the external momenta in the pole term on the
right-hand side implies the important relation:

R (=2E,(m)) = K (221 (p,m))

(3) One-loop diagrams of T®:
To first order in 4, the counterterms which are necessary to make the

two-point vertex function I'® finite are also of first order in A.
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PO(p) =p* +m? - (3 Q +—e + o=+ 0(¢"))
where the cross and the small circle on a line indicate the contribution
of the mass and field counter-terms c,, and c,.

1. Counter-term c,,:

1
—chm? = —ES‘?()IEl(m)) =-m?———-—

2. Counter-term c,:

—O—

Since the counterterm contains no contribution proportional to
p?, there is no counterterm c} to first order in A:
—c;p? =0
Choosing the counterterms in this way, the 1/e-pole in the one-loop
diagram is canceled, and the renormalized two-point vertex function,

I (p) =p*+m? - B Q - %K(Q )| +0(g%)

remain finite for € - 0 up to the first order in A.

(4) Two-loop diagrams of T®:
]‘-[‘-’}:{_}-'_[%Q + = | ==

1. Pole terms:

3

1 _
2R (2B (B, (m) =

_6_ m?

SR (B (pm)) = - 7%

(4 )4 62 2€ € m2

YW +¥@) 14w]

l [
62 2e € € " m2 ' 12m2e

Y@ 1 4m ﬁl
0OS:
The divergent term proportional to p? will give the first

contribution to the wave function counterterm c,.

2. Counter-terms cp,:
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Q

%7?(/1211 (0, m))

(47T)2

m2 chg
~ (4m)?

_m’g g 1F p 14’

2
g+¢u) fd Mw]

"~ (4m)? (4m)? ele 2 m2

m?g?
" (n)?
Counter-term c;:

@

pa | Mw1
ln

€2 2€ 26 m2

v 4y
6+ 2 Z,Ld *In (pzx(l—x)+m2>]

Y(2) 1 4mp?
—‘IK( AEl(m)) (4 )2 p 5 +§ n 3
_m cigl|l w(2) 1l Amp?
TGz let 2 T2 me
Consider
3g 1
1y 2 2 - _ _Z
A= .’}C()l L(0,m)) = —p¢ Ity e
Thus, we obtaln
m’g 3g 1|1 ¥(2) 4my?
Z E = In—-—
K( —AE(m) = o )2(4n)ze[e+ 2 +2 Nz
_3m%g v(2) L Arp?|
(471)4 62 2¢ " 2e " m?
We find the contributions to the counter-terms c,, and c, p to the

second order in A:

1 1 1

— -0 _/. _ -0 - ]
—_— K{QM +45 +6_6_+2u +2Q_

g m2+ g% [2m® m? p?
(4m)?2 €  (Am)*\ €2 2e¢ 12e
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The pole terms proportional to m? extend the mass counter-terms as

g 1 g% (2 1
Gn)ie  (4m)F <25 - 2_e>

The pole terms proportional to p? give the second-order counterterm of

follows:

(ck + ca)m? =m?

the field renormalization:

1 _
c,p? = g?C(AZEs(p.m))|m:0 =P =i75

(5) Up to the order A%, we thus obtain finite correlation functions by
starting out from the initial Lagrangian L, with the renormalization

constants,
Z=1+ —1+1‘}E‘{a—r"\)| =1 g° 1
B @= p? ~ =0 (4m)* 12¢
A i 1 -
Zan=1+e; —1+m[§:}c(@)+3]€(8)+§f}((@)
1
+;]C(-Q—)+(—57{(‘9')p2=0
B g 1 g° 2 1
=@z (5'—’ 25)
1 3
Z,=14¢, = HE[ SKOX) +3% (- ) + 7RC0)
2
2

Il
+
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4-5 Renormalization Group

THE WILSON MOMENTUM-SHELL RG

Lagrangian density of a ¢* theory
L= 106 Vp+im2g? +~ gt
=5V Vo +om7p” + A

The partition function is

/= fD¢ e_S[¢]

UV (ultra-violet) cut-off A
The Fourier modes ¢, vanish for suitable high momenta
¢, =0 for k> A

7= f[D(p]Ae—sA[cp] =f 1_[ dop () e-SAl#]
|k|<A
Separate ¢ (k) into high energy part @(k) and low energy part ¢(k)

dU) = p(k) + ¢(k)
with
(k) = {(p(k), forO < |k|<bhA, b<1
@(k), for bA < |k| < A
Integrate out @

Z = f[D(p] [Dp] e=Sale+o] = f[D(p]S_SbA[(P]

SpA [(p] is called the Wilsonian effective action where only modes of ¢
with |k| < bA in the action.

Including J:
I = j(k), for 0 < |k| < bA
ik, for bA < k| < A

1 D
— =S d“k J(k k
7] = Tv'f[Dd’]Ae Alg1+] aPk J (OB (k)

1 1. bA . A NSNS
== f [D@|D[@] e=Sal@+ @I+ ;" APkiGIO I+ ) APhTHIP ()

Let

oWl — f [D@] e~Salo+PIHSalo1+ ) dPRIOP(-H)
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W[j, (p] generates connected Green's functions w.r.t. @.

Z0] =& f Dy e~ Salo-Wligls [ akpt-i0
N

(4) The Wilsonian effective action
Spal®] = Sale] + W[, 40]720
SpA [(p] contains original Sy [(p] with coupling constant corrections from
W[j, (p]jzo and also new interaction terms, higher point interaction and

higher derivative interaction.
B. ONE-LOOP RENORMALIZATION
(1) Lagrangian of a ¢* theory
L—1V v +1 z 2+1/1 4
=5V Vo +om7p” + 1A
Sa[¢] = Sale + ¢]
o (1 3 L1, 2 1 ™
= [ dPx EV(go+<p)-V(go +@) +om (p+9) +E/1(q) +@)

= Sple] + 3[e, 7]

where
- B D 1
S[(p,(p] = |d”x EV(p-V(p
free part

1 1 1 1
D252 0 T am4 o © (=3 - 122
+om*p +4!Aqo +3!/1((p (p+q0q0)+4/1g0 )

interaction part

Integrate out @
~-wiiel = [[pa ~$10.p1- [y dPxp
€ - J[Dq)]bA<|k|<Ae oA

Fourier transformation in momentum space

A dPk .
@ = | Gosoe
bA A D

7
[exvp-vo= [ A(—z;;‘g N0
/

N A 4Dk 5 _
P j = jb Gy 9
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D
i 5 ST+ [ 0B (k)
W[],(p]j=0 = _lnf[D(p]bA<|k|<A € r@m?

—
Il
o

_§i11 ,(2 )D~—6 ]

= —In [Noe t[‘P W Si=k) ZO[]]L=0

where
5' ~ :1 2 =2 _1_/1~4- _1_/1 ~3 ~ 1/1 2 =2
el @] = 5m?@% + 529" + AP0 + §9) + 7 0%¢

_. A dPk .
N —50[<P]+fbA@D1(k)‘p(_k) 1A dPk
zafj] = 291 _ o2 onzmyo)
0 I[D(ij] e—So[<77]

(—k) (k)

(2) One-loop contribution in W([J, <p]j:0

g 8 L TR BT

5(kK)a(p) = 2n)°2 —— || 2n)P ———— | e27P2(2m)P Kz

¢k (p) (( ) 6](—k)> (( ) 6](_p))e
= % 2m)P5®(k +p)o(k)

where

1, DA< |k| <A
0k) = {0, otherwise

1. O(g) terms, i.e., ? term:

Q.

A D 2 NN
2 [0
A A dPk. dPk . —_—
= — dD 2 __1___2_ —l(k1+k2)'x ~ k ~ k
d oo [ G Gpe e o)
1[4
where
w=3 k1 g (A-b7)
2 Jya<ii)<n @m)P k% (4m)P/2T(D/2) D -2

Wilsonian effective action:
Soale] = Sale] + Wi o] _,
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Lppn > ~2¢>2 = —(m2 + 1)o?

(p term 2
There is no contribution to the kinetic term

2. O(gz) terms, i.e., @* term:

JCX

A A
1= [@Pxay S o* a0 30X ()0 ()0 ()

12 dPk, d’k, . 1
=__ | dPxdP 2 2 — E pilkytky) (x-Y)
6] 4y 92007 () )P )P © K2k

Let k = kl,p =k + k,. We obtain

/12
s [ P adPy e D292 () f

16 (Zn)D
Since
2
D 1
-k * 1+0<k2>]~k‘*

we obtain

A aPk 1
(2m)P kz(p _ k)z

dPk 1

A2
o (D)
I = 16 dPxdPy ¢? (x)¢2(Y)5 b (x y)f (27‘[)D K

_ S, a
=—q )3 xe" (™)
where
- - —_ — AD—4-
16 J,, 2m)P k* (4m)P/2r(D/2) D -4
Wilsonian effective action:

Svale] = Sale] + W1, ‘P]jzo

1. 1
Lpp = Z'!M’4 = (A+Q)e*

4122 JA d’k 1 322 (1-bP*)

C. RENORMALIZATION GROUP

(1) We start off from a renormalizable theory,
1 1 1
L=V +omPp? + At + C(Vp)* + Do + -
After integrate out bA < |k| < A modes
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3)

1 1 1. . _
L=V +ii2e? + Ao + C(Vp)* + Db + -

where

Z=1+AZ
M2 = m? + Am?
A=21+A
C=C+AC
D=D+AD

To compare the new functional integral and the old one. We can
rescale the cut-off bA to A.
k
k’=E, x' = bx, k' < A

J-ddx LbA

1 1 1. . ~
= fddx' b3 [EZbZV’gOV’go +omie? + 5 dgt + Co* (V)" + DS
+

rescale the ¢ to give the same propagator as the original theory:
, _ 1/2
@'(x)=[bZ] "¢
fddx LbA

1 1 1
= fddx' [EZbZVIQDIV’(p’ +§m12(p12 +$AI¢I4+C1(VI¢I)4+DI¢16

=+ ..

We have defined the new parameters:

Z=14+AZ

m'? = (m? 4+ Am?)Z~1p2

AN =@Q+A)Z72pd 4

C' = (C+AC)Z7?p?

D' = (D + AD)Z~3p?2-6
The form of the Lagrangian is the same as the original one, with only
parameters changed - a transformation of the Lagrangian.

Repeat this procedure step by step, we integrate out higher momentum
shell and take b — 1, an infinitesimal thin shell. The transformations of
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parameters become continuous - a trajectory or a flow in the space of
all possible Lagrangian - Renormalization group.

(\

By continuous RG evolution from A, iterating the integrate-out
procedure, all the high energy effects are absorbed slowly and
systematically into the coupling constants - as long as the constants

remain small.
MARGINAL, RELEVANT, IRRELEVANT

A little away from zero-coupling to one-loop.
Let AZ=0
m'? = (m? 4+ Am?)Z~1p2
d-2

Amz = A (1 — b )Ad—z

(4m)d/2r(d/2) d-—2
A=@Q+A)Z7?p**

312 (1-bp4"%) .,

(4m)d/21(d/2) d—4

Consider an infinitesimal change

ALl =

AA
b=1+—A—, AA <O

Define
_, m? _,, m? (m®+Am?)z7?
m=—5, Mmi=-5= e
- A - A (A+A1)Z72
A= A4—d’ A= Ad—d — A4—d

Dimensionless parameters:
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LA i -
dh ~  @meer/z)

dl 312

(2) Trivial solutions
AZ ~Am? ~ Al =AC~AD ~ - =0
¢2 mIZ — mZb—Z
¢, A =2b71
(v$)", ¢ =cb3

$%, D'=D
Behavior of the running of the constants around
m2=1=C=D=--=0

the free fixed point.

(B) d>4
Tle
A_CU\_ <0=A- 0, Mm% T= m? relevant

dA -
Aax >0=>A- 0,11, Airrelevant

m°

The initial conditions for the RG flow are adjusted so that the
trajectory passes very close to the free fixed point. The low energy
theory will be a free theory.

4 d=4
ar_ 30 0=>ALAl=2 inal
EX_IET7> = , = Amargina
Alternative,
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1= = A - 0,1 - 0 = A marginal irrelevant
N ANTY

167‘[2 A()

dmi? i, ~2 _ ~2 (20 ’ ~2 2

T —2m* < 0,m* > m§i|—| = Al M T= m* relevant
H’IQ

/ A
B d<4

[A] =4 —d > 0, relevant

~ d)~12—>0 ~ ~
A-0 =>Aa ~ —A(4—d)<0=>Al,AT= Arelevant

Alternative

~ _ (A, 4—d
lzlo K

As 1 increases, AZ—I}; — 0, may exhibit new fixed point (Wilson-Fisher

fixed point)
%o ) A 94X \ 2
%‘ = %‘*' A ah e f\ v approaching A,
A<Ay; AR <O ALAT

{771,2 > m2, A%?Iz <0, Alm?1t

me<ms, AT >0, Almil

~ 2
away from m;
dA
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Gaussian FP

™~

Wilson-Fisher FP

(4=}
(=

4

—

Critical surface

ZEJ,

;’r’

W
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